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ABSTRACT
We establish the three-dimensional architecture of the Kepler-419 (previously KOI-1474) system to be eccentric
yet with a low mutual inclination. Kepler-419b is a warm Jupiter at semi-major axis a = 0.370+0.007−0.006 AU with
a large eccentricity (e = 0.85+0.08−0.07) measured via the “photoeccentric effect.” It exhibits transit timing variations(TTVs) induced by the non-transiting Kepler-419c, which we uniquely constrain to be a moderately eccentric
(e = 0.184 ± 0.002), hierarchically separated (a = 1.68 ± 0.03 AU) giant planet (7.3 ± 0.4 MJup). We combine 16
quarters of Kepler photometry, radial-velocity (RV) measurements from the HIgh Resolution Echelle Spectrometer
on Keck, and improved stellar parameters that we derive from spectroscopy and asteroseismology. From the RVs,
we measure the mass of the inner planet to be 2.5±0.3 MJup and confirm its photometrically measured eccentricity,
refining the value to e = 0.83 ± 0.01. The RV acceleration is consistent with the properties of the outer planet
derived from TTVs. We find that despite their sizable eccentricities, the planets are coplanar to within 9+8−6 degrees,
and therefore the inner planet’s large eccentricity and close-in orbit are unlikely to be the result of Kozai migration.
Moreover, even over many secular cycles, the inner planet’s periapse is most likely never small enough for tidal
circularization. Finally, we present and measure a transit time and impact parameter from four simultaneous ground-
based light curves from 1 m class telescopes, demonstrating the feasibility of ground-based follow-up of Kepler
giant planets exhibiting large TTVs.
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1. INTRODUCTION
In systems of giant planets, we might expect highly eccentric
orbits to go hand in hand with large mutual inclinations. The
large obliquities between many hot Jupiters and their host stars
are interpreted as signatures of the multi-body gravitational
processes that led to the hot Jupiter achieving its close-in orbit
through high-eccentricity migration (Winn et al. 2010; Morton
& Johnson 2011; Albrecht et al. 2012; Naoz et al. 2012).
Conversely, many of the multi-body interactions that trigger
high-eccentricity migration require large mutual inclinations
(the Kozai mechanism; e.g., Wu & Murray 2003; Naoz et al.
2011), or are likely to produce them (planet–planet scattering,
e.g., Rasio & Ford 1996, with mutual inclinations explored
by Cumming et al. 2008; secular chaos, Wu & Lithwick
2011). Besides being a channel for hot Jupiters, including the
subset with orbits misaligned with the host stars’ spin axis,
the dynamical interactions that lead to high-eccentric migration
15 Miller Fellow.
16 Sagan Fellow.
are also successful in producing the wide distribution of giant
planet eccentricities from multi-planet systems with initially
circular orbits (e.g., Juric´ & Tremaine 2008; Kaib et al. 2013).
Moreover, even systems of eccentric bodies that are initially
flat can exchange angular momentum to achieve large mutual
inclinations (e.g., Li et al. 2014). However, in contrast to
the large number of hot Jupiter obliquity measurements (see
Albrecht et al. 2012 and references therein), only a small
collection of systems of giant planets have measured mutual
inclinations. Most are composed of planets on co-planar, low
eccentricity, resonant orbits (i.e., GJ 876, Rivera et al. 2010;
Kepler-30, Sanchis-Ojeda et al. 2012; KOI-872, Nesvorny´ et al.
2012; Kepler-56, Huber et al. 2013) that are likely products
of disk migration (e.g., Goldreich & Tremaine 1980). The
exception published to date is Upsilon Andromedae (McArthur
et al. 2010), a hierarchical system with a mutual inclination
of 30◦ measured from astrometry of the host star. Here we
investigate the three-dimensional architecture of the hierarchical
Kepler-419 (previously KOI-1474) system, which hosts a highly
eccentric warm Jupiter and widely separated perturbing body
(Dawson et al. 2012a, D12 hereafter), exactly the sort of system
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for which violent dynamical histories are posited and a large
mutual inclination is, depending on the mechanism, either
common or necessary (see above).
The Kepler candidate KOI-1474.01 (Kepler-419b hereafter,
as we will confirm its planetary nature here) came to our at-
tention during our search for hot Jupiters’ posited progenitors:
Jupiters on highly eccentric orbits that are migrating via tidal
friction. Socrates et al. (2012) argued that if hot Jupiters are pro-
duced via multi-body interactions, not disk migration, the Ke-
pler sample should contain half a dozen super-eccentric planets
with periapses within ∼0.05 AU. A super-eccentric proto-hot
Jupiter is a planet caught in the act of migrating from a wide,
eccentric orbit to a close-in, circular orbit. Among the planet
candidates whose eccentricities we measured via the “photoec-
centric effect” (Dawson & Johnson 2012), we found an overall
lack of proto-hot Jupiters compared to the theoretical expec-
tation (Dawson et al. 2012b). However, the most likely to be
a proto-hot Jupiter was Kepler-419b, a warm Jupiter (D12).
We found Kepler-419b to be highly eccentric (e = 0.85+0.08−0.07),
with a final orbital period, if it were to undergo complete
tidal circularization with no change in angular momentum,
of Pfinal = P (1 − e2)3/2 = 14+9−10 days. Furthermore, it ex-
hibits large transit time variations (on the order of an hour)
caused by a non-transiting companion, possibly the “smoking
gun” that caused the inner planet’s eccentric, close-in orbit. Our
original analysis—based on eight quarters of Kepler data—left
two open questions. First, is the inner planet’s periapse actu-
ally close enough to the star for the planet to undergo sig-
nificant tidal circularization over the star’s lifetime, or is the
planet a failed-hot Jupiter? Second, what is the mass and mu-
tual inclination of the outer companion and what do its prop-
erties imply about the system’s dynamical history? With 16
quarters of Kepler data and high-precision radial-velocity (RV)
measurements from Keck HIgh Resolution Echelle Spectrom-
eter (HIRES) spanning a year, we now seek to address these
questions.
In addition to hosting a highly eccentric warm Jupiter, the
Kepler-419 system is special because of the possibility of
extracting the properties of the non-transiting planet from the
transit timing variations (TTVs) without the degeneracies that
often arise. When TTVs are caused by a perturber near orbital
resonance, the period of the TTVs depends on how close the
planets are to perfect commensurability and therefore the TTV
period itself does not uniquely constrain which orbital resonance
the planets are near. Consequently, if the perturber is non-
transiting, it is often not possible to uniquely determine its mass
and orbital period (e.g., as was the case for the first non-transiting
planet discovered through TTVs by Ballard et al. 2011), though
sometimes transit duration variations (TDVs) can allow one
to distinguish (e.g., Nesvorny´ et al. 2012). TTVs caused by
proximity to orbital resonance are also plagued by a degeneracy
between planetary mass and eccentricity, which can only be
broken if the planets have zero free eccentricity (Lithwick et al.
2012; Wu & Lithwick 2013). In contrast, the TTVs of Kepler-
419b are not caused by orbital resonance but by the change in
the gravitational potential over the orbital timescale of the outer,
perturbing planet (see Borkovits et al. 2003; Agol et al. 2005,
Section 4; D12, Section 5), so there is no degeneracy in the non-
transiting planet’s orbital period. Moreover, the shape of the
TTV signal—well constrained by Kepler-419b’s large (hour)
amplitude TTVs (signal-to-noise ratio (S/N) of the order of
100)—allows us to uniquely determine the perturbing planet’s
mass, eccentricity, and mutual inclination, yielding a more
complete set of dynamical information than available for most
observed planetary systems.
To characterize the Kepler-419 system in detail, we combine
information derived from the transit light curves, TTV and
RV measurements, and improved host star characterization.
In Section 2, we present updated parameters for the host star
based on spectroscopy and asteroseismology. In Section 3,
we measure the eccentricity of the inner planet and its TTVs
from the transit light curves. In Section 4, we measure transit
times from four ground-based light curves, demonstrating the
feasibility of ground-based follow-up of Kepler giant planets
exhibiting TTVs. In Section 5, we present high-precision HIRES
RV measurements that confirm that the transiting object is
planetary mass and has an eccentricity in agreement with
the value we measured using the photoeccentric effect. The
measurements are also consistent with the acceleration expected
from the outer planet. In Section 6, we derive constraints on
the system’s three-dimensional architecture from the TTVs,
revealing the perturber to be a planet-mass, nearly co-planar
object located at 1.68±0.03 AU. In Section 7, we discuss which
dynamical histories and migration scenarios are consistent
with the system’s current configuration. We summarize our
conclusions in Section 8.
2. IMPROVED STELLAR CHARACTERIZATION
In D12, we characterized host star Kepler-419 as a rapidly
rotating, main-sequence F star with a temperature near that at
which stars transition from having outer convective envelopes
to having fully radiative outer layers. Here we present improved
host star properties that we will use to better characterize the
planets in the system. In Section 2.1, we derive properties from
high-resolution spectroscopy with Keck HIRES. In Section 2.2,
we show that these properties are consistent with upper limits
based on the asteroseismological non-detection.
2.1. Host Star Properties Derived from Spectroscopy
Previously (D12), we presented stellar properties (effec-
tive temperature, surface gravity, metallicity, and projected
rotational velocity) derived from two high-resolution HIRES
spectra. Here we conduct identical observations with a longer
exposure time of 2400 s to obtain S/N ≈ 120 at 550 nm. Here
we analyze the new spectrum using three approaches, the sec-
ond two of which are detailed in Appendix A. The first is a
pipeline (P. A. Cargile, L. Hebb et al. 2014, in preparation) that
calls Spectroscopy Made Easy (SME; Valenti & Piskunov 1996;
Valenti & Fischer 2005) hundreds of times to assess parameter
covariances and sensitivity to initial conditions. The pipeline
uses an expanded line list relative to the Valenti & Piskunov
(1996) version, who analyzed higher S/N spectra of stars cooler
than Kepler-419. In Column 1, Section 1 of Table 1, we list the
stellar properties and their formal uncertainties. Based on com-
parison with stars from Valenti & Fischer (2005), Torres et al.
(2012), and Huber et al. (2013), Cargile, Hebb, et al. derived sys-
tematic uncertainties of 69 K, 0.10 dex, 0.07 dex, and 1.3 km s−1
in the stellar effective temperature, surface gravity, metallicity,
and projected rotation speed; these systematic uncertainties are
added in quadrature to the formal uncertainties.
We use the approach described by D12 to fit the observed
stellar properties using the Takeda et al. (2007) stellar evolution
models, except that we do not impose priors from TRIdimen-
sional modeL of thE GALaxy (Girardi et al. 2005) on the stellar
parameters (note that the priors in D12 had no detectable effect
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Table 1
Stellar Parameters for KOI 1474
Parameter From Spectruma From Modela With Asteroseismology Limitsa
Cargile, Hebb, et al. pipeline (default throughout paper)
Projected rotation speed, vrot sin is [km s−1] 14.41 ± 1.3
Stellar effective temperature, Teff [K] 6430 ± 79 6422+75−79 6421+76−80
Iron abundance, [Fe/H] 0.176 ± 0.07 0.16+0.08−0.04 0.16+0.08−0.04
Surface gravity, log g[cm s−2] 4.10 ± 0.12 4.16+0.11−0.14 4.19+0.09−0.09
Stellar mass, M [M] 1.42+0.12−0.08 1.40+0.06−0.08
Stellar radius, R [R] 1.64+0.35−0.24 1.57+0.20−0.18
Stellar density, ρ [ρ] 0.32+0.16−0.13 0.36+0.14−0.10
Valenti et al. SME, Version 288
Projected rotation speed, vrot sin is [km s−1] 14 ± 0.44
Stellar effective temperature, Teff [K] 6463 ± 235 6357 ± 230 6341 ± 230
Iron abundance, [Fe/H] 0.14 ± 0.09 0.12+0.12−0.08 0.12+0.12−0.08
Surface gravity, log g[cms−2] 4.3 ± 0.28 4.25+0.08−0.16 4.27+0.08−0.11
Stellar mass, M [M] 1.32+0.16−0.12 1.32+0.12−0.10
Stellar radius, R [R] 1.42+0.36−0.19 1.39+0.25−0.17
Stellar density, ρ [ρ] 0.46+0.20−0.20 0.49+0.18−0.17
SPC
Projected rotation speed, vrot sin is [km s−1] 14.9 ± 0.5
Stellar effective temperature, Teff [K] 6376 ± 77 6369 ± 79 6362+82−80
Metal abundance, [m/H] 0.11 ± 0.10 0.12+0.08−0.12 0.12+0.08−0.12
Surface gravity, log g[cms−2] 4.06 ± 0.10 4.08 ± 0.11 4.14+0.09−0.07
Stellar mass, M [M] 1.42+0.12−0.09 1.38 ± 0.08
Stellar radius, R [R] 1.78+0.29−0.26 1.65+0.16−0.19
Stellar density, ρ [ρ] 0.25+0.13−0.08 0.30+0.12−0.06
Note. a The uncertainties represent the 68.3% confidence interval of the posterior distribution.
on the posteriors). We list the derived mass, radius, and density
in Column 2 of Table 1. The stellar parameters obtained us-
ing the three spectroscopic analyses are consistent within their
uncertainties.
2.2. Upper Limits from Asteroseismology
In the six quarters of short-cadence data (Q9–Q14), we do not
detect p-mode oscillations at the expected frequencies. Because
the amplitude of these oscillations increases with stellar radius,
we can place an upper limit on the radius of host star Kepler-
419. We calculate the detection probability using the method by
Chaplin et al. (2011), assuming 550 days of short-cadence data
and the shot noise expected for a star of Kepler-419’s magnitude.
At the 99% confidence level, we find the non-detection sets
limits of log g > 4 and R < 1.9 R (i.e., both criteria must
be met), consistent with the spectroscopic solution. This strict
lower limit on log g is a consequence of the oscillation amplitude
changing rapidly as a function of log g at the location of Kepler-
419 on the Hertzsprung–Russell diagram. A star with a lower
surface gravity or larger radius than the thresholds derived here
would have a clear signal, as we tested by injecting artificial
solar-like oscillations into the data for a several representative
model stars. For example, a star with Teff = 6200 K and
log g = 3.95 has an easily detectable signal.
Our lower limit on log g compares well with the results by
Campante et al. (2014), who find log g > 3.92 ± 0.04. The
slightly more conservative limit by Campante et al. (2014) is
likely the result of using a higher effective temperature derived
from broadband photometry (6743K; Pinsonneault et al. 2012),
which is known to decrease the expected oscillation amplitude
(Chaplin et al. 2011) and hence result in a less stringent upper
limit on log g. Since the temperature in our study is based on a
high-resolution spectrum rather than a broadband color (which
is susceptible to reddening), we adopt the more optimistic lower
limit as our final estimate.
We repeat our derivation of the stellar properties but impose
this upper limit on stellar radius and lower limit on surface
gravity. The resulting parameters are listed in Column 4 of
Table 1. The effect on the stellar parameters is weak, for
example, changing the stellar density from 0.32+0.16−0.13 to 0.36+0.14−0.10
solar. We will use the stellar density posterior in our photometric
measurement of the transiting planet’s eccentricity in Section 3,
and we will use the stellar mass and radius posteriors as priors
in our fits throughout this paper.
3. ORBITAL PROPERTIES OF THE TRANSITING
PLANET FROM TRANSIT LIGHT CURVES
Here we present updated properties of the transiting planet
Kepler-419b based on 16 quarters of Kepler data. We measure
its eccentricity, TTVs, and an impact parameter for each light
curve. In this section, we fit and detrend the transit light curves
using, for comparison, two different approaches.
In the first approach, we perform initial detrending before
fitting the light curves, described in Appendix B. Next we
follow D12 (Section 5.1) to fit the transit light curves using
the Markov Chain Monte Carlo (MCMC) fitting procedure,
with the CW09 wavelet likelihood and Mandel & Agol (2002)
light curve model, in the Transit Analysis Package (TAP; Gazak
et al. 2012). The CW09 wavelet likelihood includes two noise
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Table 2
Planet Parameters for KOI 1474b Derived from the Light Curves
Parameter Valuea
Median-filter/CW09/TAPb Gaussian processesc/emceed
Planet-to-star radius ratio, Rp/R 0.0626 ± 0.0002 0.06187+0.00016−0.00018
Light curves stellar density, ρcirc [ρ] 9.47+0.13−0.14 9.8 ± 0.2
Density ratio parameter, g = ( ρcirc
ρ
)1/3 3.0 ± 0.3 3.0 ± 0.3
Limb darkening coefficient, q1 0.37+0.08−0.07 0.6+0.3−0.2
Limb darkening coefficient, q2 0.24+0.07−0.06 0.21 ± 0.04
Planetary radius, Rp [R⊕] 10.8+1.4−1.3 10.7+1.5−1.4
Normalized red noise, short-cadence, σr [ppm] 4530 ± 180
Normalized white noise, short-cadence σw [ppm] 651 ± 3
Normalized red noise, long-cadence σr [ppm] 400 ± 5
Normalized white noise, long-cadence σw [ppm] 128 ± 4
Extra white noise, short-cadence sSC [ppm] 142 ± 11
Lag, short-cadence,τSC [days] 0.33+0.03−0.02
Red noise amplitude, short-cadence αSC[ppm] 310 ± 30
Extra white noise, long-cadence sLC [ppm] 69 ± 4
Lag, long-cadence,τLC [days] 0.34 ± 0.02
Red noise amplitude, long-cadence αLC[ppm] 260 ± 20
Eccentricity, e 0.85+0.08−0.07 0.86+0.08−0.06
Notes.
a The uncertainties represent the 68.3% confidence interval of the posterior distribution.
b TAP software by Gazak et al. (2012). Uses CW09 wavelet likelihood.
c D. Foreman-Mackey et al. (in preparation).
d Foreman-Mackey et al. (2013).
parameters: a normalized white noise parameter, σw and a
normalized red noise parameter, σr . The red noise parameter
accounts for correlated noise caused by stellar or instrumental
variations. Updated from D12, we have modified the TAP
package to fit for impact parameter b instead of inclination,
ρcirc instead of a/R, and the limb darkening coefficients q1
and q2 recommended by Kipping (2013), which are related
to the traditional quadratic limb darkening coefficients μ1 and
μ2 used in the Mandel & Agol (2002) light curve model by
q1 = (μ1 + μ2)2 and q2 = 0.5μ1(μ1 + μ2)−1. We make a
correction17 to the likelihood function. While only long-cadence
data was available for the fits in D12, Kepler observed the star
in short cadence in Q9–Q16, yielding 10 short-cadence transits.
Therefore, we add a separate pair of noise parameters that
characterize the short-cadence light curves. (We also perform
fits, not tabulated here, in which we allow the noise parameters
to be different for each light curve, but we find that the
17 In the definition of the jump probability in TAP, there is an extraneous
factor of 2. The necessary factor of two is already present in the CW09
likelihood function. Note that this correction was implemented, although not
mentioned, in Dawson & Johnson (2012), D12, and Dawson et al. (2012b)
parameters and their uncertainties are essentially identical.) To
better account for uncertainties in the detrending, we allow each
light curve to have two additional free parameters: a slope and
intercept for a linear trend. Finally, we allow b to be a free
parameter for each light curve, allowing for the TDVs that
could occur if the perturber is mutually inclined. We report
the planetary parameters derived from the transit light curves in
Tables 2, 5, and 6.
In our second approach, we use a more flexible noise
model—designed to capture both the standard measurement un-
certainties and longer term systematics or trends—and directly
model the standard aperture photometry flux without detrending.
The noise is modeled as a Gaussian process (see, for example,
Rasmussen & Williams 2006) for which the elements of the
covariance matrix K are given by the function
Kij =
[
σ 2i + s
2] δij + α2 exp
(
− [ti − tj ]
2
2 τ 2
)
(1)
for which σi is the observational uncertainty on data point i (we
fix this value to that reported by the Kepler pipeline), δij is the
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Kronecker delta, and s, α and τ are the “hyperparameters” of
the noise model (i.e., parameters we wish to marginalize over).
In this framework, every likelihood computation requires an
evaluation of both K−1 and det K . Naı¨evely, the computational
complexity of this operation scales as n4, where n is the number
of data points. This computation is generally intractable for
data sets like Kepler light curves, especially short-cadence
observations. We exploit recent developments in the applied
math literature (Ambikasaran et al. 2014) to achieveO(n2 log n)
computational scaling on both short- and long-cadence data
sets (D. Foreman-Mackey et al. in preparation). This method is
analogous to the technique proposed by Gibson et al. (2012), but
these algorithmic advancements allow posterior sampling and
marginalization on data sets larger than previously possible.
In practice, we assume that the long-cadence data sets share
one set of hyperparameters (sLC, αLC, τLC) and that the short-
cadence data sets are described by an independent parameter
set (sSC, αSC, τSC). These six hyperparameters are included as
dimensions in our MCMC sampling so the results have properly
taken uncertainties in the noise model into account. For this
model, we draw MCMC samples from the posterior probability
density using the emcee package (Foreman-Mackey et al. 2013),
and the results are reported in Tables 2, 5, and 6.
In Figure 1, we plot the TTVs, the impact parameters, and the
posteriors for ρcirc. The transit with a large error bar is a partial
transit cut off by a gap in the observations. The TTVs are large
and reveal a period of ∼700 day for the perturbing companion,
whose properties we will measure precisely in Sections 4 and 5.
The impact parameters deviate only subtly from a constant
value. However, if we require the transiting planet’s impact
parameter to be constant, the posterior for ρcirc becomes very
wide to compensate for the different transition durations. In
the bottom panel of Figure 1, we plot the posterior for ρcirc
in our nominal fit, in which we allow the impact parameter of
each transit to vary (solid line; Tables 2 and 6), and from an
alternative fit in which we force b to be the same for each light
curve (dotted line). The latter posterior for ρcirc is much wider
and less smooth.
To derive the eccentricity posterior, we combine the posterior
for ρcirc derived from the transit light curves with the posterior
for the true stellar density from Section 2.1, following the
procedure18 Dawson & Johnson (2012), Section 3.4. From the
light curves, we measure the planet’s eccentricity to be e =
0.85+0.08−0.07, consistent with value of e = 0.81+0.10−0.07 reported by
D12. The change in the value and its uncertainties are mostly
due to the improved ρ (Section 2), but partly due to the tighter
constrain on ρcirc that we derived when we allowed the impact
parameter to vary among the light curves. In Figure 2, we plot
the eccentricity and ω posteriors, marking the value that we
will measure independently from the RVs (Section 6; Table 4),
which is in good agreement.
4. GROUND-BASED FOLLOW-UP
Although data acquisition on the original Kepler field by the
Kepler spacecraft has ended, there are a number of systems for
18 Kipping (2014) derives a conservative criterion (Equation (B11) of Kipping
2014) for which certain small-angle approximations (assumed by this
procedure) hold. Although Kepler-419b is technically in violation of that
criterion, in Dawson et al. (2012b) Appendix F, we recast that criterion in
terms of the g measured from a circular fit, finding that the approximations are
appropriate for g = (1 + e sin ω)/
√
(1 − e2) = (ρcirc/ρ)1/3 < 19. Since we
derive g = 3 (Table 2), the approximation is appropriate for Kepler-419b. In
Section 6, we will confirm this eccentricity using RV measurements.
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Figure 1. Top panel: TTVs with best-fitting model (Table 4). Second panel:
difference between the TTVs derived from our first fitting approach and our
second. Red points come from our first fitting approach and blue from our
second (Tables 2, 5, 6). The purple squares are from ground-based light curves
(Section 4). Third panel: impact parameters. Bottom panel: ρcirc posterior,
allowing the impact parameter of each transit to vary (solid) and forcing the
impact parameters to be the same (dotted). This panel illustrates the necessity of
fitting a different impact parameter to each light curve; otherwise the ρcirc
posterior becomes very wide to try to compensate for the different transit
durations.
(A color version of this figure is available in the online journal.)
which additional TTVs would greatly improve the precision of
the derived mass measurement and/or clarify the qualitative
picture of the dynamics. With its large TTVs and host star
brighter than most Kepler host stars (Kepler magnitude 13.0),
Kepler-419b is a case study for whether ground-based follow-up
can allow for sufficient precision. Here we observe transits from
the ground at the same time as a Kepler transit and compare
the transit time and impact parameter we measure. We observe
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Figure 2. Left: joint posterior for ω vs. e from the photoeccentric effect (Table 2).
The black (gray, light gray) contours represent the {68.3, 95, 99}% probability
density levels (i.e., 68% of the posterior is contained within the black contour).
Overplotted as a black and white dotted line is a histogram of the eccentricity
posterior probability distribution marginalized over ω. The red square marks the
best-fitting value with error bars that we measure independently from the RVs
in Section 6, Table 4. The eccentricity measured from the photoeccentric effect
is in good agreement with that from the RVs. Right: posterior distribution for
ω, marginalized over eccentricity.
(A color version of this figure is available in the online journal.)
using four telescopes: the Nickel 1 m telescope at the Lick
Observatory in Mountain Hamilton, CA and three telescopes
that are part of the Las Cumbres Observatory Global Telescope
Network (LCOGT; Brown et al. 2013): the Faulkes Telescope
North (FTN) 2 m at Haleakala Observatory in Hawaii, the
Byrne Observatory at Sedgwick (BOS) 0.8 m at the Sedgwick
Reserve in the Santa Ynez Valley, CA, and the El Paso (ELP)
1 m at McDonald Observatory in Fort Davis, Texas. The
observations were all taken on the night of August 4–5, 2012.
The observations at the Nickel telescope yielded the highest
precision light curve but, due to the timing of sunset, only
a partial transit. The Nickel exposures were taken using the
Direct Imaging Camera with 2 × 2 pixel binning, fast readout
mode, and the Bessell (1990) I filter. The telescope was
defocused to achieve a mountain-shaped point-spread function
(PSF), maximizing the number of pixels across the PSF while
optimizing the exposure time to achieve high cadence yet keep
the readout time a modest fraction of the exposure time. The
focus was kept at a constant focus position of 367 throughout
the night. The sky was overcast at sunset but cleared by
midnight, and sky flats were taken at dawn. Images were
taken continuously with an exposure time of 180 s and 5 s
read-out time, yielding an out-of-transit scatter of 830 ppm
and light curve model residuals of 843 ppm, corresponding to
1.5 mmag/minute.
The LCOGT Network observations were taken continuously
in the Sloan Digital Sky Survey r′ filter with a 40 s exposure
time with the FTN and 120 s exposure time with the BOS and
ELP, yielding out-of-transit scatter of 2703 ppm, 2082 ppm,
and 2641 ppm and model residuals of 2695 ppm, 2062 ppm, and
2205 ppm at FTN, BOS, and ELP, respectively. For comparison,
the photometric noise rates are 2600, 3300, and 4500 ppm
per minute for the FTN, BOS, and ELP respectively (Fulton
et al. 2011). Of the four sets of ground-based observations,
only those at ELP cover the entire transit (due to the eastern
longitude of the telescope); at this telescope, the target drifted
over 2 pixels throughout the observation, causing correlated
noise originating from non-perfect flat field correction. We did
not apply corrections for the star’s position for any of the light
curves presented here.
We fit the ground-based light curves simultaneously with
the Kepler light curves, forcing four ground-based light curves
to share a common transit time and impact parameter but
allowing the quantities to differ from the simultaneous Kepler
light curve (mimicking a future situation in which have ground-
based light curves without simultaneous Kepler photometry).
We allow each ground-based light curve to have its own red
and white noise parameter and linear trend. In Figure 3, we
plot the light curves and best-fitting models. The ground-
based mid-transit time is 1311.7275 ± 0.0012 days [BJD-
2454833], in good agreement with the Kepler light curve value
of 1311.7272 ± 0.0005. The mid-transit time is precise to
1.8 minutes, sufficient to measure the hour amplitude of the
TTVs of Kepler-419b to high precision. We measure an impact
parameter of 0.100.09−0.07, in agreement with the measurement of
0.260.11−0.15 from the Kepler light curves. In Figure 1, we overplot
the measurements from the ground as purple squares. Given the
good agreement and reasonable precision of the ground-based
transit time and duration, we consider Kepler-419 to be a case
study demonstrating that ground-based follow-up is feasible for
high S/N planetary transits with large TTVs, sufficiently well-
predicted transit times that we know on which night to observe,
and short enough transit durations to be covered in a night.
5. CONFIRMATION OF INNER PLANET’S EXISTENCE
AND ECCENTRICITY BY RV
Previously (D12), we reported a 3.1% false positive proba-
bility for Kepler-419b, based on the validation procedure devel-
oped by Morton (2012). The most likely false positive scenario
was a hierarchical eclipsing binary. Here we confirm Kepler-
419b’s planetary nature and eccentricity with RV measurements.
We obtain spectroscopic observations at Keck observatory using
HIRES (Vogt et al. 1994). The spectra were observed using the
standard setup of the California Planet Survey (Howard et al.
2010; Johnson et al. 2010). The observations span 2012 May
through 2013 August, with the majority taken during summer
2012. Exposure times range from 800 to 1200 s, depending on
the weather and seeing. We list the RV measurements in Table 3
and plot them in Figure 4. The uncertainties have 40 m s−1
stellar jitter added in quadrature to account for the additional
scatter in this noisy F star. The 40 m s−1 is estimated from the
scatter itself. We are developing a noise model for future work
that better accounts for the correlated stellar noise.
The measurements reveal three important features. (1) An
amplitude of a couple hundred m s−1, corresponding to several
Jupiter-mass planet at a fraction of an AU, confirming the
planetary nature of Kepler-419b. (2) Near the transit time at
1311 days, when we took a high density of measurements, the
RV decreases rapidly, indicating the star’s reflex motion to a
highly eccentric planet undergoing periapse passage with the
periapse pointed toward us: over a short interval, the planet
changes from moving toward us to moving parallel to moving
away from us. (3) A trend consistent with the presence of a
longer-period outer companion, presumably the non-transiting
planet we detected and characterized through TTVs. Based on
the first and second features, Kepler-419b is transiting near
periapse and has an eccentricity consistent with that derived
from the “photoeccentric” effect (Figure 2). Therefore, the RV
measurements confirm Kepler-419b and its high eccentricity
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Figure 3. Diamonds: light curves (relative flux) observed by Nickel (top), ELP
(second), BOS (third), FTN (fourth), simultaneously with Kepler (bottom),
offset vertically for clarity. Red line: best-fitting model (Table 7).
(A color version of this figure is available in the online journal.)
and are consistent the presence of the non-transiting planet,
Kepler-419c, detected via Kepler-419b’s TTVs. For example, a
21 Jupiter mass brown-dwarf perturber with the same orbit (see
Table 4 for orbit) would produce a 1 km s−1 RV variation over
the observed timescale, inconsistent with the RV observations.
However, we distinguish that the RVs do not independently
confirm either planet; without constraints on the periods and
epochs from the transit, the RVs currently lack the coverage
and precision for us to derive the complete set of properties
Table 3
Keck HIRES RV Measurements of Kepler-419
Time [BJD-2454833] Value Uncertainty S/N
(m s−1) (m s−1)
1195.1136 48.8 10.9 70
1240.9869 191.2 13.5 45
1240.9976 241.9 13.9 47
1241.0088 199.4 12.8 48
1243.9177 −85.5 12.8 52
1266.0687 −92.4 11.5 58
1272.0193 −20.3 10.7 58
1276.8389 63.2 11.9 58
1279.1070 −72.0 13.4 55
1280.0553 −48.9 12.5 77
1300.9847 103.5 11.3 72
1311.7530 −8.4 10.3 72
1311.7800 23.4 10.8 72
1311.8565 −43.9 10.2 71
1312.0579 −119.9 10.4 70
1313.0389 −260.8 10.2 70
1314.0708 −170.4 11.3 58
1331.9493 −45.4 11.7 58
1345.8502 −30.9 10.7 72
1700.9169 136.1 11.0 72
of the two planets from the RVs alone. The RV measurements
also put limits on additional perturbers; based on the observed
acceleration, we can rule out 0.2 solar mass companion closer
than 10 AU (e.g., Quillen 2008, Equation (5)).
6. THREE-DIMENSIONAL ARCHITECTURE
FROM DYNAMICAL FITS
Here we simultaneously fit the transit times, impact parame-
ters, RVs, and ρcirc to obtain three-dimensional orbits for both
planets. The constraints on the outer planet’s mass and orbit
come primarily from the TTVs, with the impact parameter and
RVs adding no additional constraints. In practice, the impact
parameters only constrain the inner planet’s inclination relative
to our line of sight. The RVs allow us to measure the inner
planet’s mass (to which the TTVs are not at all sensitive) and
confirm and more tightly constrain the inner planet’s eccentricity
and periapse originally derived from the photoeccentric effect
(Section 3). To our knowledge, the RVs do not contribute much
of the outer planet because its mass and three-dimensional orbit
are already tightly constrained by the TTVs, and the RVs have
not yet covered a full orbital period of the outer planet.
The reason why it is possible to uniquely determine the mass
and three-dimensional orbit of the outer planet from the TTVs
is that the variation in the transit times of the inner planet
(Figure 1, top panel) are a tidal effect caused by the varying
position of the outer planet. The effective radial force (which
can be conceptualized as the effective stellar mass) felt by the in-
ner planet (Kepler-419b) changes with the position of the outer
planet (Kepler-419c) because of three effects. First, Kepler-419b
spends most of its time at apoapse, and, moreover, the force
between Kepler-419b and Kepler-419c at their conjunction is
strongest if Kepler-419b is at apoapse. Therefore, the effective
radial force on Kepler-419b varies depending on angular sepa-
ration of Kepler-419c from Kepler-419b’s apoapse. This effect
would cause TTVs even if planet c were on a perfectly co-
planar circular orbit. Second, Kepler-419c’s eccentricity causes
variations in its separation from Kepler-419b, as Kepler-419c
moves from its periapse to its apoapse. Finally, because planet c
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Figure 4. Left: RV measurements (diamonds, Table 3); best-fitting model from joint fit to TTVs/b/RVs (solid black; Table 4); best-fitting coplanar model to the TTVs
alone (red dotted; Table 7, Column 1). We add 40 m s−1 of stellar jitter in quadrature to the error bars. Note that the TTVs do not constrain the systematic velocity or
the inner planet’s mass; we set these to the best-fitting values from the joint fit. For ease of comparison, we also set the eccentricity and periapse of the inner planet to
the best-fitting value from the joint fit, but this value is at the center of the two-dimensional posterior estimated from the photoeccentric effect (Figure 2). Right: RVs
phased to the inner planet’s orbital period, with the trend from the outer-planet subtracted off.
(A color version of this figure is available in the online journal.)
Table 4
Planet Parameters for Kepler-419b and Kepler-419c at Epoch
BJD 2455809.4009671761741629
Parameter Value
m(m)a 1.39+0.08−0.07
Ra 1.75+0.08−0.07
mb(MJup) 2.5 ± 0.3
Pb (days) 69.7546+0.0007−0.0009
ab (AU) b 0.370+0.007−0.006
eb 0.833+0.013−0.013
ωb(◦) 95.2+1.0−1.2
Mb(◦) 68.69+0.05−0.05
ib(◦) 88.95+0.14−0.17
Ωb(◦) 0 (fixed)
mc(MJup) 7.3 ± 0.4
Pc(days) 675.47+0.11−0.11
ac (AU) b 1.68 ± 0.03
ec 0.184+0.002−0.002
ωc(◦) 275.3+1.2−1.0
Mc(◦) 345.0 ± 0.3
Ωc(◦) 4+12−12
ic(◦) 88+3−2
imut(◦) 9+8−6
99% imut(◦) 27
ωb − ωc(◦) 179.8+0.6−0.6
	b − 	c(◦) 176+12−12
Systemic offset (m s−1) −32 ± 10
Notes. All orbital elements are Jacobian.
a Posterior from Section 2 imposed as a prior.
b Derived from stellar mass and orbital period posteriors.
is not perfectly coplanar, its force projected onto Kepler-419b’s
position vector changes as planet c moves above and be-
low the orbital plane of Kepler-419b; any mutual inclination
would cause TTVs even if both planets were on circular orbits.
In Appendix E, we illustrate these effects and justify why we
can measure the perturber’s properties, including its mutual in-
clination, solely from the TTVs without degeneracies.
To fit the TTVs, we integrate the gravitational forces using
the Position Extended Forest-Ruth Like algorithm (Omelyan
et al. 2002), a fourth-order symplectic integrator. We choose this
integrator because it is both symplectic and high order, allowing
us to accurately compute tens or hundreds of millions of models
for our fitting process on a reasonable computing timescale of a
few days. Because the inner planet’s orbit is highly eccentric, it
is inefficient to sample the entire orbit with the tiny time steps
required to resolve the periapse passage. Therefore, we follow
Rauch & Holman (1999, Section 3.1; see also Mikkola 1997)
and sample in ds = dt/r instead of dt , where ds is a time-
regularized step, dt is a step in time, and r is the separation
between Kepler-419b and its host star. Then we find the precise
transit times using the iterative algorithm described in Section
2.5 of Fabrycky (2010).
We perform a joint MCMC fit to the TTVs, RVs, b, and ρcirc.
To demonstrate which data are constraining which orbital prop-
erties, we perform fits to subsets of these data in Appendix C.
We report the parameters in Table 4 and including the mass
m, eccentricity e, argument periapse in the sky ω, inclination
relative to the line of sight i, longitude of ascending node in
the sky plane Ω, and mean anomaly M. See Appendix E for
a diagram of orbital elements. All orbital elements are oscu-
lating (epoch BJD 2455809.4009671761741629) and Jacobian.
All priors are uniform, here and throughout the paper, unless
otherwise specified; the uniform priors on angles are equiva-
lent to an isotropic prior on the orientation of each planet’s
orbit. The derived values are similar to coplanar fit in D12
based on eight quarters of data, but with the additional TTVs,
we can constrain Kepler-419c’s mass and mutual inclination.
The perturbing companion, Kepler-419c, is a moderately ec-
centric (ec = 0.184+0.002−0.002) giant planet (mc = 7.3 ± 0.4 Jupiter
masses), located at 1.68 ± 0.03 AU. The Kepler data rule out
transits of Kepler-419c at its conjunction epoch at 1327.14 +
n 675.46 days [BJD-2454833], where n is an integer and we
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Figure 5. Minimum afinal = a(1 − e2) (solid) and periapse a(1 − e) (dotted) as a function of mutual inclination (imut) from the long-term integrations described in
Appendix C.4, corresponding to Figure 6 and using fits to the TTVs/b/RVs/ρcirc. The dashed line is the posterior distribution of the mutual inclination between planet
b and c from the fit in Table 4; the right y-axis refers to the posterior. The horizontal dashed line represents the cutoff employed by Socrates et al. (2012), Dawson
et al. (2012b), and Dong et al. (2014) for planets that may have periapses close enough to tidally circularize. The minima asymptote to the stellar radius because the
planet is assumed to not survive a collision with the star.
exclude solutions for which Kepler-419c would transit from the
posterior. We constrain the outer planet’s inclination relative to
the line sight to be ic = 88+3−2 degrees and its longitude of as-
cending node relative to the sky plane to be Ωc = 4+12−12 degrees,
corresponding to a low mutual inclination relative to Kepler-
419b of imut = 9+8−6 degrees, with a 99% confidence upper limit
of 27◦. (See Appendix C and E for a detailed exploration of
how these quantities are constrained by the TTV signal.) We
perform an identical fit except using the SPC stellar parameters
(Appendix A) and find the values are consistent (Table 7, right
column).
In addition to the data, we favor of the coplanar solution for
two other reasons. First, despite the fact that the second planet
does not transit, its inclination relative to the line of sight (ic)
is very close to that of the transiting planet (ib), independent of
Ωc. This would be a surprising, fine-tuned coincidence if the
planets were non-coplanar. Second, the difference between the
arguments of periapse in the sky plane is very close to perfectly
anti-aligned19 (179.◦8+0.6−0.6). For the geometry here, if the system
were coplanar, this would correspond to separation of periapses
in the invariable plane, a quantity that librates about 180◦ in
many parts of parameter space, e.g., Michtchenko & Malhotra
(2004). If the system were non-coplanar, it would be a strange
coincidence. A similar argument was made for the coplanarity
of Upsilon Andromeda by Chiang et al. (2001).
In Appendix D, we constrain the inner planet’s spin–orbit
alignment from projected rotational velocity, finding some
evidence that the entire system is misaligned with the host star’s
spin axis. However, better modeling of the RV noise is necessary
to confirm this conclusion.
7. MIGRATION SCENARIOS
With a small semi-major axis (a = 0.370 AU) interior to
the observed pile-up of giant planets at 1 AU (Cumming et al.
2008) and to the several AU beyond which giant planets are
thought to form (e.g., Kenyon & Bromley 2008) and with a
periapse too distant for tidal circularization, Kepler-419b is a
member of the “Period Valley” population whose dynamical
origin is mysterious (e.g., Dawson & Murray-Clay 2013). Here
we consider several scenarios for the origin of Period Valley
planets and whether they are consistent with the properties of
the Kepler-419 system derived here.
19 The libration amplitude is highly sensitive to the uncertainties in eb and ωb
but typically <50◦.
Dong et al. (2014) suggested that the Period Valley planets are
undergoing Kozai cycles and periodically reach eccentricities
high enough to migrate via tidal circularization. Under this
theory, we are currently observing the Period Valley planets
in the low-eccentricity phase of their cycle. With our previous
data set (D12), this was a possibility for Kepler-419b because we
did not know the mutual inclination of Kepler-419c; moreover,
Kepler-419b was a particularly promising candidate for this
scenario because its observed eccentricity is large and only
needs a small boast to reach afinal = a(1 − e2) 0.1 AU, the
maximum afinal for tidal circularization over a typical host star
lifetime employed by Socrates et al. (2012), Dawson et al.
(2012b), and Dong et al. (2014). However, this dynamical
evolution is inconsistent with the low mutual inclination that
we have now measured for Kepler-419b and c (Sections 6). In
Figure 5, we plot the minimum periapse achieved by Kepler-
419b—over the course many secular oscillations—as a function
of the mutual inclination with planet c. In order for Kepler-419b
to be a proto-hot-Jupiter that gets sufficiently close to its star to
tidally circularize but not collide with its star, it would need to
periodically reach a minimum afinal < 0.1 AU. Below a mutual
inclination 21◦, Kepler-419b does not get close enough to the
star to tidally circularize. Above 70◦, the planet collides with
the star. A mutual inclination between 21◦ and 70◦ is not a good
fit to the data (Table 4, Figure 6, Table 7). Consequently, we
conclude that oscillations in Kepler-419b’s eccentricity due to
Kepler-419c are not causing Kepler-419b’s orbit to shrink and
circularize.
There are several qualifications to this conclusion. First, we
can only rule out a mutual inclination above 21◦ at the 91%
confidence level (Table 4), so there is a small chance that
Kepler-419b can reach afinal < 0.1 AU. The uncertainty in the
mutual inclination is attributable to the uncertainty in Kepler-
419b’s eccentricity (i.e., this high mutual inclination is ruled out
at 99.8% confidence level with the inner planet’s eccentricity
fixed at the best-fit value, Table 7, Column 2), so additional RV
measurements and better modeling of the stellar noise in the RVs
should allow us to distinguish in the future. Second, the presence
of a fourth body, an undiscovered planet or star, could affect the
dynamics. A fourth body in the system could cause additional
oscillations in Kepler-419b’s eccentricity, allowing it to reach
a higher value. The fourth body would need to be massive and
nearby enough for its secular mode to contribute significantly
to Kepler-419b’s eccentricity. A nearby planet would have been
undetected in the TTVs and RVs, and a stellar binary companion,
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Figure 6. Sum of squared residuals (summed square of Equation (C1)) as a
function of Ωc (top) and total mutual inclination (bottom) for a fit to the TTVs
only (solid line), TTVs and impact parameters b (dotted line), TTVs/b/RVs
(dashed line), and TTVs/b/RVs/ρcirc (dot–dashed line). The colors indicate
ranges of Ωc corresponding to those in Figure 7. The mutual inclination is very
similar to Ωc because ib is very tightly constrained by the impact parameter
and ic by the transit times (see Appendix E). The best-fitting solution is close to
coplanar; there are two other local minima. The vertical dashed line indicates the
Ωc above which the inner planet collides with the star in long-term integrations
(Appendix C.4).
(A color version of this figure is available in the online journal.)
e.g., Takeda et al. (2008), would have been undetected by our
adaptive optics observations (D12) and a second set of lines in
the stellar spectra. We plan to exhaustively explore the parameter
space in future work. Finally, Kepler-419c could have caused
high-eccentricity migration of Kepler-419b in the past if Kepler-
419c used to have a larger eccentricity, smaller semi-major axis,
or larger mutual inclination but then had its orbit altered by a
third planet.
Li et al. (2014) describe a mechanism by which the inner,
less massive planet in an initially coplanar but eccentric system
can have its mutual inclination flipped and, in the process,
undergo close passages to the host star and tidally circularize.
Although the Kepler-419 system meets the analytical criterion
for triggering this mechanism derived by Li et al. (2014), we do
not observe such flips occurring in our long-term integrations
and therefore rule out this possibility. We expect that the
approximations that the system is hierarchical and that the inner
planet is a test particle do not apply to this system, whose planets
have a semi-major axis ratio of about 4 and mass ratio of about 3.
See Teyssandier et al. (2013) for an exploration of the parameter
space for flips in the large mutual inclination regime.
Several possibilities remain that could account for Kepler-
419b’s small semi-major axis and large eccentricity while
remaining consistent with the low inclination with Kepler-419c.
One is disk migration followed by planet–planet scattering
(e.g., Guillochon et al. 2011). Although Petrovich et al. (2014)
demonstrate that warm Jupiters with a < 0.15 AU could not
have their eccentricities excited to the observed level at their
present-day semi-major axes because their escape velocities are
much smaller than their circular velocities, Kepler-419b is not in
this regime. Dynamical instability in the presence of a gas disk
(Lega et al. 2013), possibly triggered by resonance crossings,
could cause Kepler-419b to migrate in yet achieve an eccentric
orbit. This scenario is attractive because it could account for
the apsidal anti-alignment of Kepler-419b and Kepler-419c,
which are anti-aligned to within 0.◦2 ± 0.◦6 in the coplanar
case (see discussion at the end of Section 6). This tight anti-
alignment is unlikely to be the result of observational bias (i.e.,
we could still constrain the outer planet’s identity if it were not
apsidally anti-aligned; see Appendix E). Disk dissipation can
drive systems to apsidal alignment or anti-alignment (Chiang &
Murray 2002; Zhang et al. 2013). Another possible scenario
is that torques from the gas disk led to growth in Kepler-
419b’s eccentricity (Goldreich & Sari 2003; Sari & Goldreich
2004). Dunhill et al. (2013) found in high-resolution, three-
dimensional simulations that such growth does not occur for
planets of Kepler-419b’s mass embedded in isoentropic disks,
but Tsang et al. (2014) recently showed that eccentricity growth
could occur if the disk is non-isoentropic due to shadowing.
However, it has yet to be demonstrated that such growth could
lead to an eccentricity as large as 0.8. Without the involvement
of a gas disk, planet–planet scattering would require several
to tens of planets of Kepler-419b’s own mass to be ejected or
scattered out to large semi-major axes. Secular chaos would
likely also require additional planets to achieve Kepler-419b’s
large angular momentum deficit if the planets initially had low
(e < 0.1) eccentricity. Both planet–planet scattering and secular
chaos produce a range of mutual inclinations (Chatterjee et al.
2008; Wu & Lithwick 2011), and the Kepler-419 planets would
have to coincidentally be at the low end of the range.
In summary, Kepler-419b is not undergoing high-eccentricity
migration (in which a planet evolves from a large semi-major
and large eccentricity to a close-in, circular orbit through tidal
circularization), even at the minimum periapse it reaches over
the course of its secular evolution. Planet–planet scattering or
secular chaos remain possibilities for explaining Kepler-419b’s
large eccentricity and small semi-major axis but it is necessary
to invoke a gas disk or additional planets.
8. SUMMARY AND FUTURE WORK
Using information from transit light curves—including tran-
sit timing variations and the photoeccentric effect—we mapped
out the three-dimensional architecture of the Kepler-419 sys-
tem, which hosts two giant planets. The transiting, inner
2.5 ± 0.3 Jupiter-mass planet’s orbit has a large eccentricity
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(e = 0.824+0.019−0.010) and small semi-major axis (0.362+0.006−0.007 AU);
the non-transiting outer planet is more massive (7.3 ± 0.4 Jupiter
masses) and is hierarchically separated (1.68 ± 0.03 AU). RV
measurements allowed us to confirm the inner planet’s large
eccentricity and are consistent with the presence of the outer
planet. Surprisingly, the planets in this eccentric, hierarchical
system are close to coplanar (mutual inclination 9+8−6 degrees).
The inner planet’s close-in orbit and large eccentricity are most
likely not a product solely of the processes of high-eccentricity
migration (tidal friction shrinking and circularizing an initially
large eccentricity, large semi-major axis orbit), even accounting
for the planet’s secular evolution, including eccentricity oscilla-
tions caused by Kepler-419c. It remains a possibility that there is
a fourth body in the system causing oscillations in Kepler-419b’s
eccentricity yet not currently detected in the TTVs, RVs, adap-
tive optic images (D12), or stellar spectrum; such a body would
need to be massive and nearby enough to contribute precession
comparable to that from Kepler-419c. We recommend contin-
ued RV follow-up to place better constraints on the presence
of a massive companion with an orbital period of several years
or more. Moreover, in Section 7, we concluded that if Kepler-
419b achieved its high-eccentricity orbit through planet–planet
scattering or secular chaos, other planets (besides Kepler-419c)
and/or a gas disk were most likely involved.
Although Kepler-419 itself is just one data point, if other
eccentric, hierarchical systems are found to have low mutual
inclinations, this may call into question the interpretation that
the extreme spin–orbit misalignments observed for hot Jupiters
are the result of the planet’s orbit being tilted out of the plane
it formed in by scattering, Kozai, or secular chaos. Additional
theoretical work is needed to simulate dynamical scenarios for
producing Kepler-419b and other “Period Valley” 0.1 < a < 1
giant planets, including planet scattering and secular chaos,
with or without the presence of a gas disk. Our result is
thematically related to Tremaine & Dong’s (2012) finding that
the Kepler systems are consistent with being drawn from the
(often quite eccentric) distribution of RV planets, yet with
low mutual inclinations imposed. Since we theoretically expect
large eccentricities and large inclinations to go hand in hand, a
tendency for planetary systems to be eccentric but flat would be
surprising.
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APPENDIX A
TWO ALTERNATIVE SPECTROSCOPIC ANALYSES
In addition to the spectroscopic analysis described in
Section 2.1, we extract the stellar properties from the spectrum
using two approaches described below. All three approaches are
in agreement.
Our second approach is to use SME Version 288 with
the original Valenti & Fischer (2005) spectral intervals, line
list, and free parameters. This yields the stellar parameters
in Table 1, Section 2, which are consistent with results from
our first approach, but with larger uncertainties. To estimate
uncertainties, we perturb and temporarily fix one free parameter
at a time, solving for the remaining free parameters. We then
calculate the standard deviation of each derived parameter for
all fits with reduced chi-squared less than the minimum value
(3.39) plus 1. This approach (Avni 1976) provides the crude,
but practical, uncertainty estimates in Table 1. The uncertainties
are a few times larger than reported in Valenti & Fischer
(2005), mainly because their line list provides a weaker gravity
constraint for stars as warm as Kepler-419.
Our final approach is to use the stellar parameter classification
(SPC) tool developed by Buchhave et al. (2012). In the SPC
approach, the observed spectrum is cross-correlated against a
collection of synthetic spectrum generated from a collection of
sets of stellar parameters (Teff, log g, metal abundance relative
to solar ([m/H]), and v sin i). Based on the comparisons of SPC
to other approaches performed by Torres et al. (2012), we add
59 K and 0.062 dex in quadrature to the formal uncertainties in
Teff and [M/H] respectively.
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APPENDIX B
FITS TO TRANSIT LIGHTS
For the fits using TAP, we use the Kepler pre-search data
conditioned (PDC) flux (Jenkins et al. 2010a, 2010b; Twicken
et al. 2010; Smith et al. 2012; Stumpe et al. 2012), which has
been detrended for instrumental effects by removing systematic
variations present in stars located nearby on the detector using
cotrending basis vectors. To further detrend, we divide the PDC
flux into chunks split by the observing quarter and/or a jump
in the flux at the level of 5% or higher. We smooth each chunk
using a running median filter of width of 15 hr. We experiment
with the width of the filter to ensure that it does not distort
the transit depth. We discard the first and last 7.5 hr of each
chunk. For each transit, we trim the total light curve (in and out
of transit data) to 128 data points (2.7 days) for long-cadence
data and 4096 data points (2.8 days) for short-cadence data).
We thereby ensure that the number of data points is 2N so that
we make use of the Carter & Winn (2009) wavelet likelihood
(CW09 hereafter) without excessive zero-padding, as we have
found that zero-padding can sometimes artificially decrease the
uncertainties.
APPENDIX C
DYNAMICAL FITS TO SUBSETS OF
THE AVAILABLE DATA
C.1. Co-planar Fit to the TTVs
Here in Appendix C.1, we fix the following parameters: mb,
eb, ωb, ib, Ωb, ic, and node Ωc. We fit for Pb, Mb, mc, Pc,
ec, ωc, and Mc. We take the transiting planet’s mass from
RV measurements (derived in Section 6; however, note that
the TTVs are insensitive to the transiting planet’s mass) and
its eccentricity and periapse from RV measurements (which
are consistent with the value derived from the photometry in
Section 3). In Section 6, we simultaneously fit the RVs and
TTVs, leading to similar results. We list the medians and 68.3%
confidence intervals of the derived posteriors in Table 7.
C.2. Non-coplanar Fit to the TTVs
Next we relax the assumption of coplanarity. In Appendix E,
we argue that the component of the perturber’s orbit in the di-
rection of the highly eccentric transiting planet’s apoapse dom-
inates the TTV signal and that, based on the geometry of this
particular system, the TTV signal depends only weakly on the
perturber’s node Ωc. The perturber’s line-of-sight inclination ic
is very well-constrained because, as we show in Section 6, the
inner planet’s major axis happens to lie nearly along the line
of sight (which is not surprising because its transit probability
is highest at periapse). Therefore, the mutual inclination de-
pends mostly on the longitude node Ωc, which is not as well
constrained. (See Appendix A for further details.)
Because the dependence of the TTV signal onΩc is relatively
weak and is multi-modal, we search for the global minimum
by finding the best-fitting solution for every value of Ωc
in increments of 1◦. We find this best-fitting solution using
the Levenberg–Mardquart algorithm, implemented in mpfit
(Markwardt 2009). However, to account for the skewness of the
TTV posteriors (and later impact parameter posteriors), we use
a modified residual that mimics one drawn from an asymmetric
normal distribution. Instead of supplying the algorithm with an
array of −(mi − yi)/σi , for which yi is the ith data point, mi is
the model, and σi is the uncertainty (the negative sign is because
the algorithm uses a negative residual), we supply it with:
− mi − yi|mi − yi |
√(
mi − yi
σ−i
)2
+ 2 ln
σ−i
σmin
, mi < yi
− mi − yi|mi − yi |
√(
mi − yi
σ +i
)2
+ 2 ln
σ +i
σmin
, mi > yi (C1)
for which σ +i and σ
−
i are the difference between the median
and the upper and lower limit (respectively) of the 68.3%
confidence interval, and σmin = Min[σ +i , σ−i ]. When using
the smaller of the upper versus lower error bar, the expression
reduces to −(mi −yi)/σi . When using the larger, the expression
accounts for the different normalizations of the two halves of an
asymmetric normal distribution.
In the top panel of Figure 6, we plot this uncertainty-
scaled sum of squared residuals (i.e., the summed square of
Equation (C1)) as a function ofΩc. Note that there are three local
minima: one corresponding to a coplanar orbit, one to a polar
orbit, and one to ∼150◦ retrograde orbit. In the bottom panel, we
plot the same quantity as a function of the mutual inclination.
This bottom panel appears very similar to the top panel because
ic is very tightly constrained by the transit times so the mutual
inclination is mostly a function of Ωc (see Appendix E for an
explanation of why ic is better constrained thanΩc). We include
both the top and bottom panel to show that the uncertainty in
the mutual inclination is almost entirely due to the uncertainty
in Ωc. Figure 7 shows the subtle but detectable effect of Ωc on
the transit times. The top panel illustrates the change to the TTV
signal caused by varying Ωc only, the middle panel the change
if we allow the other parameters to also vary to compensate, and
the bottom panel the residuals to the middle panel. The color in
the middle panel corresponds the colors of Ωc in Figure 6.
Starting from the global minimum nearΩc = 0 (Figure 6), we
perform an MCMC fit, like that in Appendix C.1 except allowing
Kepler-419c’s inclination and node to be free parameters. We
report the medians of the posteriors and 68.3% confidence
intervals in Column 3 of Table 7. From the TTVs alone, we
constrain the mutual inclination to be 7+5−4 degrees, consistent
with being coplanar and with a 99% confidence upper limit
of 20◦.
C.3. Addition of the Impact Parameters
In this section, we simultaneously model the measured mid-
transit epoch (Table 5) and the impact parameter b of each transit
(Table 6). We repeat the fitting procedure from Appendix C.2
except that we allow the inner planet’s inclination to be a
free parameter and the stellar radius to be a free parameter,
with a prior on R imposed based on the posterior estimated
in Section 2. Although it is necessary to allow the impact
parameter to be different for each transit to avoid a non-normally
distributed ρcirc posterior (Figure 1, row 3), we caution that they
may be caused by systematics not sufficiently accounted for
in our red-noise models. In fact, no dynamical model in the
posterior estimated from the fit to the TTVs in Appendix C.2
predicts a detectable variation in the impact parameter over
the four years of observations. The impact parameters add
no additional constraints to the planets’ masses or orbital
properties, except for the inner planet’s inclination relative
to the line of sight (i.e., which defines the impact parameter
in combination with the stellar radius and the inner planet’s
eccentricity, periapse, and semi-major axis).
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Figure 7. Top: best-fitting coplanar model (red) and, with other parameters
fixed, varying the Ωc from 0 (red) to π (purple). Observations (with error bars)
are overplotted in black. Middle: same as above but with other parameters
optimized for each Ωc . These models correspond to the solid line in Figure 6.
Bottom: residuals to the fits in the middle panel, in units of each data point’s
uncertainty.
(A color version of this figure is available in the online journal.)
C.4. Supporting Constraints from Stability
In addition to the better fit of the global minimum to the data,
we favor the global minimum at low mutual inclination over the
two local minima at large mutual inclinations (Figure 7) because
it is stable over a secular timescale. We integrate each of the 181
“fixed node” solutions in Figure 7 for 0.5 Myr in Mercury6
(Chambers 1999), modified to include general-relativity and
tidal precession following Section 2.1.1 of Fabrycky (2010). In
Table 5
Mid Epoch of Transit [BJD-2454833]
Parameter Valuea
TAPb GPc,d
T1 [days] 126.3308+0.0010−0.0009 126.3305 ± 0.0008
T2 [days] 196.0606 ± 0.0006 196.0605 ± 0.0006
T3 [days] 265.7661 ± 0.0006 265.7661 ± 0.0006
T4 [days] 335.5766 ± 0.0006 335.5762 ± 0.0006
T5 [days] 405.3154 ± 0.0006 405.3151 ± 0.0006
T6 [days] 475.0077+0.0015−0.0030 475.0076+0.0019−0.0045
T7 [days] 544.7262 ± 0.0006 544.7261 ± 0.0005
T8 [days] 614.4561 ± 0.0006 614.4558+0.0006−0.0005
T9 [days] 684.1878+0.0005−0.0006 684.1878+0.0006−0.0005
T10 [days] 753.9190+0.0007−0.0008 753.9199+0.0014−0.0012
T11 [days] 823.6434 ± 0.0004 823.6435 ± 0.0003
T12 [days] 893.3498 ± 0.0004 893.3503 ± 0.0003
T13 [days] 963.0391 ± 0.0005 963.0387 ± 0.0004
T14 [days] 1102.6198 ± 0.0004 1102.6201 ± 0.0003
T15 [days] 1172.3055 ± 0.0004 1172.3056 ± 0.0003
T16 [days] 1242.0125 ± 0.0004 1242.0121+0.0004−0.0003
T17 [days] 1311.7272 ± 0.0005 1311.7271 ± 0.0003
T18 [days] 1381.4428+0.0004−0.0005 1381.4428 ± 0.0004
T19 [days] 1451.1566 ± 0.0005 1451.1567 ± 0.0003
T20 [days] 1520.8606 ± 0.0004 1520.8602 ± 0.0003
T21 [days] 1590.5432 ± 0.0006 1590.5431 ± 0.0005
Notes.
a The uncertainties represent the 68.3% confidence interval of the posterior
distribution.
b TAP software by Gazak et al. (2012). Uses CW09 wavelet likelihood.
c D. Foreman-Mackey et al. (in preparation).
d Foreman-Mackey et al. (2013).
Figure 8, we plot the evolution of the inner planet’s eccentric-
ity and mutual inclination for several characteristic cases. As
we increase the mutual inclination, the amplitude of the sec-
ular eccentricity oscillation increases, particularly the shorter
timescale mode that is coupled to the mutual inclination. For
74 < Ωc < 180, the inner planet’s eccentricity reaches such a
high value that it collides with the star. Therefore we can rule out
the two worse-fit, local minima solutions, giving further weight
to the best-fitting, global minimum, low mutual inclination
solution.
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Figure 8. Top: evolution of the inner planet’s eccentricity for Ωc = 0 (red), 32◦
(black), and 73◦ (cyan), taken from the fits to the TTVs/b (Figure 7). Above
the black dashed line, the eccentricity is so high that the planet collides with the
star. Bottom: same for the evolution of the mutual inclination.
(A color version of this figure is available in the online journal.)
Table 6
Transit Impact Parameters
Parameter Valuea
TAPb GPc,d
b +uncb −uncb b +uncb −uncb
b1 0.09 0.08 0.06 0.06 0.08 0.04
b2 0.08 0.06 0.05 0.07 0.07 0.05
b3 0.10 0.06 0.06 0.09 0.06 0.06
b4 0.14 0.05 0.07 0.13 0.06 0.08
b5 0.05 0.05 0.03 0.07 0.05 0.05
b6 0.18 0.16 0.12 0.24 0.18 0.15
b7 0.14 0.05 0.07 0.14 0.05 0.07
b8 0.22 0.04 0.05 0.20 0.04 0.05
b9 0.12 0.06 0.07 0.11 0.05 0.07
b10 0.09 0.07 0.06 0.15 0.09 0.09
b11 0.07 0.05 0.05 0.05 0.04 0.04
b12 0.14 0.05 0.07 0.10 0.05 0.05
b13 0.17 0.05 0.06 0.20 0.03 0.04
b14 0.19 0.03 0.04 0.19 0.03 0.04
b15 0.13 0.05 0.06 0.16 0.03 0.06
b16 0.07 0.06 0.05 0.07 0.05 0.05
b17 0.13 0.05 0.07 0.09 0.05 0.05
b18 0.12 0.05 0.07 0.11 0.04 0.06
b19 0.18 0.04 0.05 0.20 0.03 0.03
b20 0.13 0.05 0.06 0.17 0.03 0.04
b21 0.13 0.06 0.07 0.16 0.04 0.05
Notes.
a The uncertainties represent the 68.3% confidence interval of the posterior
distribution.
b TAP software by Gazak et al. (2012). Uses CW09 wavelet likelihood.
c D. Foreman-Mackey et al. (in preparation).
d Foreman-Mackey et al. (2013).
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Figure 9. Relative probability of the projected inclination of the host star’s spin
axis, for which is = 90◦ is consistent with alignment with the planetary system,
based on the stellar properties derived from Cargile, Hebb, et al. SME pipeline
(black dotted line), combined with constraints from the photometry and RVs
(black dashed line); same for SPC (gray dotted line, dashed line).
APPENDIX D
SPIN-ORBIT ALIGNMENT FROM PROJECTED
ROTATIONAL VELOCITY
D12 measured a value of is = 69+14−17 degrees for the projected
angle of the host star’s spin axis, consistent with spin–orbit
alignment (is = ib) at the two-sigma level. Here we update
that measurement, following the procedure of D12 Section
5.2 with an updated value of the stellar rotational period of
4.492 ± 0.012 days from McQuillan et al. (2013), a projected
rotational velocity v sin is from Section 2, and stellar radius
from Section 2 and Section 6. We plot the resulting posterior in
Figure 9, derived under four conditions: using the Cargile, Hebb,
et al. stellar radius (dotted black line), the SPC stellar radius
(dotted gray line), and radius derived from fits to the TTVs,
impact parameter, the light curve density, and RVs (Table 7,
Columns 4 and 5), making use of the Cargile, Hebb, et al. stellar
parameters (dashed black) and SPC stellar parameters (dotted
black). While the first two cases are marginally consistent
with alignment, the third and fourth case are not. We measure
the following four values for is respectively (in degrees):
58+17−10, 62+16−2 , 47 ± 3, 48 ± 3.
In other words, to be consistent with the measured v sin i
and a stellar rotation axis perpendicular to the line of sight, the
star’s radius would need to be 1.3 R and its density would
need to be 0.7 solar. Such a relatively large stellar density is
marginally consistent with the stellar parameters derived from
spectroscopy. However, it is inconsistent with the more precise
stellar density measured from the light curve while accounting
for the photo-eccentric effect based on constraints on e and ω
from the RVs.
We consider whether the stellar density measured from the
light curve could be biased. Blending, spots, TTVs, TDVs, and
the planet’s mass, as described by Kipping (2014), can impact
the measurement of the stellar density from the light curve at a
precise level. We already allow for TTV and TDV in our models,
and the effect of the planet’s mass is too small to account for
the discrepancy. Blending could cause the density to appear
spuriously low but would require a star four times brighter than
the one being transited (Kipping 2014). Given the constraints
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Table 7
Additional Fits, for Comparison to Table 4, for Planet Parameters for Kepler-419b and Kepler-419c at Epoch BJD 2455809.4009671761741629
Parameter Coplanar/TTVs TTVs +b +RVs SPCa
m(m)b 1.39+0.08−0.07 1.39+0.08−0.07 1.39+0.08−0.07 1.39 +0.08−0.07 1.36 +0.08−0.08
Rb 1.59+0.19−0.19 1.59
+0.19
−0.19 1.77
+0.07
−0.09
mb(MJup) 2.6 (fixed) 2.6 (fixed) 2.6 (fixed) 2.5 ± 0.3 2.5 ± 0.3
Pb (days) 69.7550 ± 0.0003 69.7551 ± 0.0005 69.7548+0.0005−0.0007 69.7547+0.0008−0.0013 69.7545+0.0009−0.0014
ab (AU) c 0.370+0.007−0.006 0.370+0.007−0.006 0.370+0.007−0.006 0.370+0.007−0.006 0.368+0.007−0.006
eb 0.823 (fixed) 0.823 (fixed) 0.823 (fixed) 0.84+0.03−0.02 0.839+0.012−0.014
ωb(◦) 95.495 (fixed) 95.495 (fixed) 95.495 (fixed) 94.20.9−1.0 96.5+2.0−0.7
Mb(◦) 68.6489+0.0018−0.0018 68.650+0.002−0.002 68.650+0.002−0.002 68.75+0.04−0.05 68.63+0.05−0.08
ib(◦) 90 (fixed) 90 (fixed) 89.10+0.13−0.14 89.0+0.2−0.2 88.9+0.2−0.2
Ωb(◦) 0 (fixed) 0 (fixed) 0 (fixed) 0 (fixed) 0 (fixed)
mc(MJup) 7.3 ± 0.4 7.4 ± 0.4 7.4 ± 0.4 7.3 ± 0.4 7.2+0.4−0.4
Pc(days) 675.55 ± 0.09 675.52 ± 0.10 675.51 ± 0.10 675.45+0.13−0.14 675.44+0.12−0.12
ac (AU) c 1.68 ± 0.03 1.68 ± 0.03 1.68 ± 0.03 1.68 ± 0.03 1.67 ± 0.03
ec 0.1846+0.0008−0.0007 0.1851+0.0008−0.0008 0.1851+0.0008−0.0008 0.184+0.002−0.003 0.183+0.002−0.002
ωc(◦) 275.9+0.6−0.6 275.7+0.5−0.5 275.8+0.5−0.6 274.7+0.9−1.1 276.6+1.5−1.0
Mc(◦) 345.0+0.4−0.3 345.0 ± 0.3 345.0+0.3−0.3 344.9+0.4−0.3 345.2 ± 0.4
Ωc(◦) 0 (fixed) 1+9−9 −3+12−9 3+12−14 3+18−13
ic(◦) 90 (fixed) 90+2−2 90+2−3 89+3−3 88+3−2
imut(◦) 0 (fixed) 7+5−4 9+4−5 10+7−6 10+12−6
99% imut(◦) 20 20 22 29
ωb − ωc(◦) 179.7+0.6−0.6 179.9+0.5−0.5 179.8+0.6−0.5 179.6+0.6−0.6 180.2+0.8−0.7
	b − 	c(◦) 179.7+0.6−0.6 180+9−9 182+9−12 176+14−12 177+13−17
Systemic offset (m s−1) −34 ± 10 −28 ± 10
Notes. All orbital elements are Jacobian.
a Same as fit in Table 4 but using stellar parameters from SPC, Section 2 of 1.
b Posterior from Section 2 imposed as a prior.
c Derived from stellar mass and orbital period posteriors.
from adaptive optic imaging and RVs (D12), such a blend is
unlikely.
Another possibility is that the uncertainties in the eccentric-
ity we measured from the RVs are underestimated. To account
for the discrepancy, the eccentricity would need to be about 0.7
instead of 0.83 ± 0.01 (Table 7), inconsistent with our uncer-
tainties. However, to more confidently rule out this possibility,
in the future we will better model the RV stellar noise, for exam-
ple by correlating with the Kepler photometry where available
(e.g., Aigrain et al. 2012), to be sure our estimated parameters
from the RVs and their uncertainties are as accurate as possible.
For now, we conclude that there is some evidence that the entire
system is misaligned from the host star’s spin axis.
APPENDIX E
CAUSES AND UNIQUENESS OF THE TTV SIGNAL
Here we discuss in detail the cause of the transit timing
variations and why it is possible to uniquely derive the properties
of the perturbing companion without degeneracies. As discussed
in Section 6, the TTVs have three potential contributors: the
eccentricity of the inner planet (Kepler-419b), the eccentricity
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Figure 10. Diagram of angles in sky frame.
(A color version of this figure is available in the online journal.)
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Figure 11. Top: Kepler-419b’s deviation from a linear ephemeris (solid black line, diamonds) and angular separation between Kepler-419c’s position and Kepler-419b’s
apoapse (red dotted line; offset horizontally by half an orbital period of Kepler-419b toward decreasing time) for coplanar case with (left) and without (right) an
eccentricity for Kepler-419c. Bottom: separation of Kepler-419c from Kepler-419b’s instantaneous position (solid) and from Kepler-419b’s apoapse (dotted). Time
axis is offset by half an orbital period of Kepler-419b (toward decreasing time) from above. (The reason for this plotted offset is that the deviation in the transit time is
an integrated effect over an orbital period. Therefore, with this offset, the TTV signal is being affected by orbit changes plotted half a period on either side.).
(A color version of this figure is available in the online journal.)
of the outer planet (Kepler-419c), and the mutual inclination.
In Figure 10, we show a diagram of angles. In Figure 11,
we plot the TTVs for a coplanar case with and without an
eccentric orbit for Kepler-419c, selecting a constant linear
ephemeris that highlights the kick that occurs when the long
period Kepler-419c passes Kepler-419b’s apoapse. During the
kick, Kepler-419c reduces the effective central gravitational
force felt by Kepler-419b, causing it to slow down and arrive
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Figure 12. Top: deviation from a linear ephemeris for coplanar case with eb = 0 (left) and non-coplanar case (right), for comparison to Figure 11 (note the different
scale of the y-axis between Figure 11 and 12). Bottom: separation of Kepler-419c from Kepler-419b’s instantaneous position (solid, left) and from Kepler-419b when
Kepler-419b is at conjunction with Kepler-419c’s peripase (dotted, left); projected separation of Kepler-419c from Kepler-419b onto Kepler-419b’s orbital plane (black
solid, right) and position of Kepler-419c projected onto Kepler-419b’s orbital plane (red dashed, right). Time axis is offset by half an orbital period of Kepler-419b
from above.
(A color version of this figure is available in the online journal.)
late (positive O−C). Even with a coplanar, circular perturber,
the TTVs are significant, but the kick is weaker because
circular Kepler-419c is no longer at periapse when it passes
Kepler-419b’s apoapse.
In Figure 12 (left), we illustrate the effect of Kepler-419c’s ec-
centricity; for illustrative purposes, we set Kepler-419b’s eccen-
tricity to zero. Without an eccentric orbit for Kepler-419b, the
kicks are smaller (note the different scale of the y-axis between
Figure 11 and 12) and the deviations from a linear ephemeris oc-
cur only near Kepler-419c’s periapse passage. In the right panels
of Figure 12, we illustrate the effect of mutual inclination; we
set both planets’ eccentricities to zero. The kicks now occur at
twice Kepler-419c’s orbital frequency, when it intersects Kepler-
419b’s orbital plane. The strongest kick is when the intersection
occurs at conjunction. The different shape of the TTVs caused
by Kepler-419c’s eccentricity (Figure 12, left) and mutual incli-
nation (Figure 12, right) allow us to constrain each of these two
quantities without a strong degeneracy. Kepler-419b’s eccen-
tricity (Figure 11, right) has some degeneracy with both effects,
but we constrain Kepler-419b’s eccentricity independently from
the photoeccentric effect and RVs rather than measuring it from
the TTVs.
The late arrival of Kepler-419b (Figures 11 and 12) is caused
by a reduction in the effective central gravitational force felt by
Kepler-419b as Kepler-419c pulls it away from the star. (This
effect can also be conceptualized as a temporary reduction in
the star’s effective mass.) Therefore we can gain insight the
constraints from the TTVs by examining the expression for the
radial disturbing force per unit mass, R¯, the radial component (rˆ)
of the perturbing acceleration on the inner planet, δr¨ (Murray
& Dermott 2000, Equation (6.8)). (Note that here we are not
deriving an analytical expression for the TTVs, for which we
would need to average over the orbit of the inner planet. Rather
we are examining the force that causes the TTVs to gain insight
into how the properties of the perturber affect the TTV signal.
See Borkovits et al. (2003) for analytical approximations to
TTVs caused by an eccentric, inclined perturber):
R¯ = δr¨b · rˆb = Gm′
(
rc · rˆb − rb
|rc − rb|3 −
rc · rˆb
r3c
)
, (E1)
where r ′ is the position of the outer planet, G is the universal
gravitational constant, and m′ is the mass of the perturbing
planet.
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Figure 13. Top: deviation from a linear ephemeris for: nominal coplanar case (black/solid/diamond) and modified by reducing the perturber’s mass by a factor of
two (gray/solid/triangle), decreasing ic from 90◦ to 67◦ (purple/dashed/square), and decreasing ec from 0.18 to 0.07 (red/dotted/X). Although all three changes
affect the amplitude, they affect the shape differently. Bottom: same as above but modified by increasing the orbital period Pc by 123 days (gray/solid/X), increasing
the mean anomaly by 3◦ (blue/triangle/dashed) and 46◦ (blue/triangle/dotted), and increasing the argument of periapse by 5◦ (orange/square/dashed) and 50◦
(orange/square/dotted). Although all three changes affect the phase, they are distinguishable. See Figure 7 for the subtle effect of Ωc on the TTV signal.
(A color version of this figure is available in the online journal.)
The term 1/|rc − rb| can be expanded in Legrende polynomi-
als (Murray & Dermott 2000, 6.21) in powers of the separation
ratio (rb/rc):
1
|rc − rb| =
1
rc
∞∑
l=0
(
rb
rc
)l
Pl(rˆb · rˆc)
= 1
rc
(1 +
∞∑
l=1
(
rb
rc
)l
Pl(rˆb · rˆc)), (E2)
so
1
|rc − rb|3 =
1
r3c
⎛
⎝1 + ∞∑
k=1
(3k)
[ ∞∑
l=1
(
rb
rc
)l
Pl(rˆb · rˆc)
]k⎞⎠ . (E3)
Substituting Equation (E3) into Equation (E1):
R¯ = −Gmc
r3c
[
− rb + (rcrˆc · rˆb − rb)
×
( ∞∑
k=1
(3
k
) [ ∞∑
l=1
(
rb
rc
)l
Pl(rˆb · rˆc)
]k)]
. (E4)
The first term of Equation (E4) is independent of the plan-
ets’ mutual inclination. Consequently, given our independent
knowledge of the inner planet’s separation rb, we can measure
the outer planet’s mass mc (not just mc sin ic as in RV measure-
ments) from the amplitude and eccentricity from time variation
in rc. If the outer planet’s orbit were perfectly circular, we would
still detect the outer planet’s mass via the time variation of rb
due to the inner planet’s eccentricity. The second term allows
us to measure the mutual inclination. Because each term in the
sum has a different time dependence, the terms affect the signal
in a non-degenerate way.
Let us define the reference directions of the system so that the
inner planet’s nodeΩb = 0 and inclination ib = 90 (Figure 10).
Therefore, the inner planet’s position vector direction is rˆb =
[ux,b, uy,b, uz,b], where
ux,b = cos(fb + ωb) (E5)
uy,b = 0 (E6)
uz,b = sin(fb + ωb) (E7)
and fb is the mean anomaly and ωb is the argument of pe-
riapse. The outer planet’s position vector direction is rˆc =
[ux,c, uy,c, uz,c], where
ux,c = cosΩc cos(fc + ωc) − cos ic sinΩc sin(fc + ωc) (E8)
uy,c = sinΩc cos(fc + ωc) + cos ic cosΩc sin(fc + ωc) (E9)
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uz,c = sin ic sin(fc + ωc), (E10)
so rˆb · rˆc = ux,bux,c + uz,buz,c. The magnitude of uz,buz,c
strongly constrains sin ic. Furthermore, if the inner planet spends
most of its time near apoapse and the perturbation is strongest
there, the perturbation depends mostly on the component of
the outer companion’s position in the direction of the inner
planet’s apoapse. If the inner planet is transiting near periapse,
as is the case for Kepler-419b, then the planet’s major axis
lies approximately along the z direction, and the perturbation
depends primarily on the uz,c component of the outer planet’s
position. Since the uz,c component is only a function of the outer
planet’s inclination ic, not its node Ωc, when a planet transits
near periapse one gets a tight constraint on its companion ic but
a weaker constraint on Ωc. This is the case for Kepler-419b.
Figure 7 illustrates the relatively weak dependence of the TTV
signal on Ωc. Figure 13 shows the much stronger effect of the
other parameters on the TTV signal and their lack of degeneracy.
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